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The Mathieu simple groups mi, and JJi, have been characterized by 
Brauer [2], Wong [16], [17], and Brauer and Fong [3]. We shall characterize 
the remaining three Mathieu groups lur,, , &1a, , and &‘a3 . An interest is 
attached to the Mathieu groups in virtue of their providing the only known 
examples (other than the trivial examples of the symmetric and alternating 
groups) of quadruply and quintuply-transitive permutation groups. 
In this first paper we shall give a characterization of the Mathieu simple 
group iI&, of order 443, 520. Using the definition of Ma, given by Witt [15], 
we see that a Sylow 2-subgroup of iVs, has a cyclic center and that the central- 
izer of any involution (element of order 2) in Ma2 is a splitting extension of 
an elementary Abelian group of order 16 by S, (the symmetric group in four 
letters). We shall prove the following converse of this fact: 
THEOREM. Let G be a non-Abelian jkite simple group with the following 
properties: 
(i) The center Z of a Sylow 2-subgroup T of G is cyclic. 
(ii) If x is the involution in Z, then the centralizer C = C,(z) of z in G 
is a splitting extension of an elementary Abelian group E of order 16 by S, . 
Then G is isomorphic either to the alternating group A,, or to the Mathieu 
group Mz2 . 
Throughout the paper G will denote a non-Abelian finite simple group 
which has the properties (i) and (ii) stated in the theorem above. The other 
notation is standard. (See the notation introduced by Feit and Thompson [..Yj.) 
1. DETERMINATION OF THE STRUCTURE OF C 
We set C = ES where S s S, and E n S = 1. Let T be an &-subgroup 
of C. Since Z = Z(T) is cyclic, it follows that T is an &-subgroup of G. 
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Put H = O,(C) and A = N n S. Since A is the unique minimal normal 
subgroup of S, it follows that C,(E) = E and 2 = (a) C E. Let Q be an 
Ss-subgroup of S and let d be an involution in S which acts invertingly on Q. 
We also may put A = (a, 6) so that ad = d-lad = a and bd = ah. Choose a 
generator c of Q so that ac = b and bC = ab. We then have S = (a, 6, c, d) and 
we may assume that T = H(d). The groups E1 =: Cr(Q) and Es = [E, Q] are 
elementary of order 4 and E = El x Es , E,Q N A, (the alternating group 
in four letters}. Since (d) normalizes Q, it follows that El and E2 are (d)- 
admissible. Let (zs) = CEz(d), z, = +c, and l$ = (z = z1 I zs). Then we 
have E = (x* , xs , zs , XJ and EsQ<d) N S, a We consider the faithful 
action of S on “the vector space” E over M(2) which will be determined 
in terms of “the basis” x1 , .z, , .zs , zq , We have already found 
where ai E GF(2) and, for example, the first martix shows that srd = x, , 
z2 d = xlazs , 2s” = xs , and z*d = zsza , Note that K = AT,(Q) = E,(d) is 
either elementary of order 8 or dihedral of order 8. 
The relations ud = a, n2 = 1, b -I ae, [u, b] = 1, and be = ab show that 
we may put 
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where /3, y, 8 E GF(2) and /?8 = 0. Since Z(T) = (z,), it follows that cr8 = 6 
and & = #3. We have the following possibilities for our structure constants 
LY, /I, Y, S (which determine the structure of C): 
Case I, cd = 0, 8= 1, y= 1, s = 0, 
Case II. a== 1, p== I, y = 1, s = 0, 
Case III. a: = 1, B = 4 y = 0, s= 1, 
Case IV. a = 1, $&I-o, y=l, 6 = 0, 
because the case o = 1, /I = 0, y = I, 6 = I gives the same matrices for 
a, 6, c, d as Case III if we replace the ordered basis x1 , zs , 2s , xq by the basis 
31 , .v$ , xs , Kg . 
If we consider Case I, then C is isomorphic to the centralizer of an involu- 
tion t in the alternating group A,, , where t lies in the cyclic center of an 
&-subgroup of A,, . Then by a result of Held [S], G is isomorphic to A,, . 
Hence we may assume from now on that Case I does not apply. 
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Case III. Let t be an involution in T - H. Then, by a result of 
Suzuki [13], the involution t inverts a subgroup Q* of C of order 3. Thus t 
is conjugate in T to an involution t, in K - El . But in this case K is a dihe- 
dral group of order 8 and so t, is conjugate in K to d. We have proved that 
every involution in T - H is conjugate in T to d. In particular, C,(d) is an 
&-subgroup of C,(d). We compute that C,(d) = {d) x (zl , z3, a). Since 
(zr) = (C,(d))‘, we have (zr) as a characteristic subgroup of C,(d). Also, 
we compute that every involution in H lies either in E or in Er x A. Now, 
by a transfer theorem of Thompson [14], the involution d is conjugate in G 
to an involution II in H. In particular, C,(U) contains an elementary subgroup 
of order 16 and so C,(d) is not an &-subgroup of C,(d). But this is a contra- 
diction since (zr) char C,(d). 
Case IV. Here again K is a dihedral group of order 8 and so every 
involution in T - His conjugate in T to d. In particular, C,(d) is an Sa-sub- 
group of C,(d) and we compute C,(d) = (d) x (zl) x (x3) x (a). Hence 
C,(d) is an elementary Abelian group of order 16. Suppose now that&’ = C,(d) 
is not an S,-subgroup of C,(d). Since F 2 T’, we have F Q T and C,(F) = F. 
Also T/F ,x (z2 , z4 , 6) is elementary of order 8. Hence an $-subgroup of 
A,(F) = N(F)/C(F) is elementary of order 8 and is self-normalizing since 
N(T) = T. Also, &(F) is not 2-closed and so A,(F) has a normal 2-comple- 
ment f 1. This, however, contradicts the structure of GL(4, 2) Y A, . 
We have proved that C,(d) is an &-subgroup of C,(d). By a transfer theorem 
of Thompson [14], the involution d is conjugate in G to an involution u in H. 
If t is an involution in E, then 1 C,(t) 1 > 32 and so II $ E. A computation 
shows that we may take u = z~$%~a, where O(~ E GF(2). Since we must 
have C,(u) = (zr) x (z2) x (~a) x (a), we see that (Ye = 01~ = 1. How- 
ever db centralizes u, which is a contradiction. 
We have reled out Cases III and IV and so we may assume from now on 
that we are concerned with Case II. The structure of C is completely deter- 
mined. 
2. THE FUSION OF INVOLUTIONS IN G 




Also, we have here that R is a dihedral group of order 8 and so every involu- 
tion in T - H is conjugate in T to d. In particular, C,(d) is an &-subgroup 
of C,(d) and so 
which is an elementary Abelian group of order 16. We have Co(F) = F, 
N,(F) = T, T = F(x,z, , zq , b), F n (z2z3, z4 , b) = 1, where (xaza , z, , b) 
is a dihedral group of order 8. Using a result of Gaschtitz [6], we see that F 
splits in N,(F). 
We shall now study the conjugate classes of involutions of C which are 
contained in H = O,(C). A computation shows that the involutions in H - E 
form a single conjugate class in C and Cc(a) is a splitting extension of the 
four-group (zr , 3 z ) by (a, b, d). Further computation shows that there are 
precisely three conjugate classes of involutions of C which are contained in E, 
namely, 
Also, we have Cc(z,) = EQ and C&z,) = E(a, d). Hence C has precisely 
five conjugate classes of involutions with the representatives z, , za , z3 , a, d. 
We shall show that all these involutions are fused in our group G. An easy 
computation proves 
LEMMA 1. The Sylow 2-subgroup T possesses precisely two distinct element- 
ary Abelian subgroups of order 16, namely E and F, and they are both normal 
in T. 
Suppose that z1 is conjugate in G to d. Denote by T* an &subgroup of 
C(d) which contains F = C,(d). Then, by Lemma 1, F Q T* and 
T n T* = F. An Sa-subgroup of X = N(F)/F is a dihedral group of order 8 
and X possesses two “disjoint” Sa-subgroups T/F and T*/F. Let n (odd) 
be the number of conjugates of d in N(F). Clearly, d has eight conjugates in T 
and so n > 9. Since C(q) n N(F) = T, it follows that 1 N(F) : T 1 < 15. 
This gives C(d) n N(F) = T* and 1 N(F) : T* j = 9 or 15. Suppose at first 
that ( N(F) : T* 1 = 9. Let L be an S,-subgroup of N(F), Then L is element- 
ary of order 9 and F = Fl x F, , where Fi is an L-admissible four-subgroup, 
i = 1, 2. Clearly, FL has precisely three conjugate classes of involutions 
Ff , F$ and F - Fl - F, . Since both d and z, have precisely nine conjugates 
in FL, it follows that {d, zl) C F - Fl - F, and so 
F-F, -F,=(z,,F-(<z,,x,,a)}. 
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ThusF, and F, are contained in (zr , za , a), which is a contradiction. Hence 
we must have / N(F) : T* 1 = 15 and so, for any u E Fe, we have C(U) n N(F) 
is an &-subgroup of N(F). S ince X has two disjoint Se-subgroups, we have 
O,(X) = 1. Suppose that O,(X) f 1. Then j O,(X) 1 = 3, X = X,X, , 
XI n X, = 1, and X, = O,(X). Since 1 X, / = 40, X is 5-closed, which 
contradicts the structure of GL(4, 2). Thus O,(X) = 1 and so X is non- 
soluble. We must have A, C X and since an &-subgroup of X is dihedral 
of order 8, we have X e S, . We have proved the following result: 
LEMMA 2. Suppose that z, is conjugate in G to d. Then N(F) is a splitting 
extension of F by S, and all the involutions in F lie in the same conjugate class in 
N(F). For any u EF#, C(u) n N(F) is an S,-sungroup of N(F) and so of G. 
Suppose now that zr is conjugate in G to a. Let T* be an S,-subgroup of 
C(a) containing F(b). Then F <1 T* and so an S,-subgroup of N(F)/F is a 
dihedral group of order 8 and N(F)/F has two &-subgroups which intersect 
in a subgroup of order 2. Also C(q) n N(F) = T and j N(F)/F 1 = 23n, 
where n f 1 is an odd number. However the cases n = 3,5,7 are not possible 
by the structure of GL(4,2) and by the fact that / O,(N(F)/F) / < 2. Hence 
n 3 9 and so zr is conjugate in N(F) to an involution in F -- (zl , ,z3 , a). 
We have proved 
LEMMA 3. If z1 is conjugate in G to a, then x1 is conjugate in G to d. 
Suppose that zr is conjugate in G to .a2 . Again denote by T* an Sa-sub- 
group of C(z,) which contains E. Then E 4 T*, T n T* = E, and so 
N(E)/E has two disjoint &,-subgroups which are dihedral groups of order 8. 
Since O,(N(E)/E) = 1 and S, C N(E)/E, it follows that N(E)/E is nonsoluble. 
Thus 5 or 7 divides / N(E)/E I an d so all involutions in E are conjugate in G. 
We have proved 
LEMMA 4. If x1 is conjugate in G to z2 , then all involutions in E are con- 
jugate in G. 
By a results of Glauberman [7], (zr> is not weakly closed in T. Then, by 
Lemmas 2,3 and 4, it follows that zr must be conjugate in G to xa . We have 
proved 
LEMMA 5. The involution x = z1 is conjugate in G to z3 . 
We shall next prove the following result: 
LEMMA 6. All involutions in E are conjugate in N(E), which is a splitting 
extension of E by A, . 
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Proof. By Lemma 5, ai is conjugate in G to zs and also we have 
C,(zs) = E(a, d). Let T* be an &-subgroup of C(zs) containing E(a, d). 
We have T n T* = E(a, d) and E 4 T*. Let X = N(E)/E and suppose 
at first that X1 = Oar(X) fi 1. Since S, C X, we have 1 Xi 1 = 3, X = X,X,, 
Xi n Xa = 1, and Xs z S, or Xa ‘v S, . In any case an &-subgroup Q* of 
N(E) is elementary Abelian of order 9 and so EQ* has a conjugate class con- 
sisting of nine involutions. Hence all involutions in E must lie in the same 
conjugate class in G. In particular, ai is conjugate in G to za and so X possesses 
two disjoint Ss-subgroups. This forces Xs F S, . Note that Z(H) = (zi) and 
so NG(H) = C. The four-group H/E is contained in X and 
N,(H/E) = C/E N S, . On the other hand, we have for any four-subgroup 
Y of X that Nx( Y) is either a dihedral group of order 8 or 9 1 / N,(Y) 1 . This 
contradiction shows that we must have O,(X) = 1. This forces that X must 
be isomorphic to one of the following groups: S, , L,(7) or A, . 
Suppose that X E S, . Since an element of order 5 in N(E) must act 
fixed-point-free on E, it follows that all involutions in E are conjugate in 
N(E). This is not possible since 1 N(E) : (C(z,) n N(E)) / = 5. 
Suppose now that X EL,(~). Then zr and zs are not conjugate in G and 
C(x,) n N(E) = EQP, where P is a group of order 7 normalized by Q. We 
shall determine the structure of C(zs). Clearly, E is an &-subgroup of C(z,). 
Hence C(za) = (zs) x L and L n E = (zi , as, zq) since PQ CL and so 
[PQ, E] = (zi, as, zq) CL. All involutions are conjugate in L and 
C,(q) = (zi) x B where B = (zs , xq , Q) z A, . It follows, by a result 
of Janko [ZO], that either L = (xl , z3 , zq) PQ C N(E) or L N PrL(2, 8). In 
any case d is conjugate to a in N(E). 
We shall now determine the structure of C(d). We have C,(d) = F and 
N,(F) = T. Clearly, F is not an S,-subgroup of C(d) since 
C(a) n N(E) = (zl , x3, a, b, 4. 
Let T* be an &-subgroup of C(d) containing F. Then F Q T* and T*3 F. 
Also T/F is a dihedral group of order 8 and is an &subgroup of N(F)/F. If 
all involutions in F are conjugate in G, then we are finished. Suppose that 
this is not the case. Then 1 N(F)/F / = 24 and since O,(N(F)/F) = 4, we have 
I T* / = 25 and T* ‘v (zi , z3) <a, b, d). Consider C(a). We have that 
C(a) n N(E) = U is an &-subgroup of C(a) and C(z,) n C(a) C U. Sup- 
pose that (zi) is not weakly-closed in U with respect to C(a). Then, since 
z3 is conjugate to zlz3 in l:, there exists an element x E C(a) so that zi” = x3 . 
But then C(zs) n C(a) $l U, which is a contradiction. It follows that (zi) 
is weakly closed in U with respect to C(a). Let M = O,,(C(a)). Then (zi , x3) 
acts fixed-point-free on M and so M = 1. By a result of Glauberman [7], 
(xi) E Z(C(a)) and so C(a) = U. This shows that C(d) C N(E). In this case 
we can also show that C(za) = (za) x L where L N PrL(2,8). Suppose this 
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is false. Then N(E) contains the centralizer of each of its involutions, / N(E) 1 
is even, N(E) C G, and the intersection of all conjugates of N(E) in G is 1. 
By a result of Thompson [24], the group G must have only one class of 
involutions, which is a contradiction. Hence we have C(za) = (~a) x L 
where L ‘v PrL(2,8). We have N(Q) = C(Q) (d) and (zi , ~a) is an Sa- 
subgroup of C(Q). Thus C(Q) h as a normal 2-complement Nf Q because 
an &-subgroup of G is of order 2 27. Also, C,(zi) = Q, C,(d) = 1, and 
C,(z,d) = 1. With the action on N by the four-group (zi , d) we obtain a 
contradiction. 
We have proved that G has precisely two conjugate classes of involutions 
and we have the following fusion (in G) zi’v za N a N d. By Lemma 2, 
N(F) is a splitting extension of F by S, . Consider the intersection 
N(E) n N(F). The group EF/E is a four-subgroup of N(E)/E. Hence (by the 
structure of L,(7)) S/E ‘v 8, , where S = N(EF) n N(E). Since S must also 
normalize F, we get N(E) n N(F) = S. Clearly, S g C since N(F) n C = T. 
Let Qi be an &-subgroup of S. Then Qi acts fixed-point-free on 
(xi , ~a) = E n F because Qi g C. Since Qr is conjugate to Q in N(E), it 
follows that E = E x (zi , x3) where E = C,(Qi) is a four-group. This 
contradicts Lemma 2 because N(F)/F E S, does not possess an Abelian 
subgroup of order 12. 
We have proved that N(E)/E N A, and so all involutions in E are conjugate 
in N(E). The lemma is proved. 
LEMMA 7. The group G has only one class of involutions. 
Proof. Suppose this is false. Then 1 N(F)/F 1 = 24 and we show (as in 
the proof of Lemma 6) that C(a) C N(E). Thus N(E) contains the centralizer 
of each of its involutions and so, by the result of Thompson [14], the group G 
has only one class of involutions. The lemma is proved. 
Remark. In the rest of the paper we shall retain the notation already 
introduced for the elements and subgroups: zi = Z, ~a, ~a, zq , a, b, c, d, E, 
F, H, C, T, Q and K. 
3. CENTRALIZER OF ELEMENTS OF ORDER 3 
We shall now determine N(Q). We have N(Q) n C = QK, 
N(Q) = C(Q) (d), N(Q) n N(E) = PK, where P is an elementary group of 
order 9 containing Q, d acts invertingly on P, P = Q x & where & acts 
fixed-point-free on El = (ai, x,), and & centralizes E, = (x3 , z4). Also, 
N(P) n E = 1, N(P) n N(E) = PL, where L is a cyclic group of order 4 
containing d. Clearly, El is an &-subgroup of C(Q), Q = @(C(Q)) and all 
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involutions are conjugate in C(Q) since C(Q) contains E,& N A, . By a result 
of Suzuki [II], we have either N(Q) C N(E) or C(Q) = Q x A, where 
A N A, and N(Q) = QS with S = A(d) N S, . 
We shall now consider N(Qr), where j Qi 1 = 3, Q1 _C P, and Qi acts 
fixed-point-free on E. Let Q* be an S,-subgroep of N(E) n N(F). Clearly Q* 
acts fixed-point-free on En F and since N(E) n N(F)/F is isomorphic 
to S, , it follows that Q* acts fixed-point-free on E/En F and so Q* acts 
fixed-point-free on E. Hence Q* is conjugate to Qr in N(E). On the other 
hand, Q* acts fixed-point-free on F and so N(Q*) n N(F) = Q*lJ where U 
is a four-group. In particular, Q* is centralized by an involution in N(F), and 
so Q* is conjugate to Q in G. We have proved the following result: 
LEMMA 8. An S+ubgroup P of G is elementary Abelian of order 9, 
C(P) = P and all elements of order 3 are conjugate in G. Also, N(P)IP is either 
a cyclic group of order 8 or a quaternion group or a semidihedral group of order 16. 
Also, N(Q) is either contained in N(E) or N(Q) = QA(d), where A N A, , 
A(d) ‘v S, , and C(Q) = Q x A. 
4. THE ORDER OF G Is DIVISIBLE BY 7 
We shall prove the following result: 
LEMMA 9. The elementary Abelian group (zl , a, b) = H* is self-central- 
izing in G. The group G has precisely one class of self-centralizing elementary 
Abelian subgroups of order 8 and N(H*) is a splitting and nontrivial extension 
of H* by L,(7). In particular, 7 1 1 G / and G has a non-Abelian subgroup of 
order 21. 
Proof. The first part of the lemma follows by an easy computation in C. 
Also N,-(H*) is a splitting extension of H* by S, . Moreover, any self- 
centralizing subgroup of X of order 8 which is contained in C is conjugate in 
C to H*. This shows that N(H*) n C( a is also a splitting extension of H* ) 
by S, . Thus N(H*) is a splitting extension of H* by L,(7). The lemma is 
proved. 
5. THE CONJUGATE CLASSES IN C AND N(E) AND THE FUSION IN G 
OF ELEMENTS OF ORDER 4 
We first note that all elements of order 6 are conjugate in G and that 
C(cx,) = Q x E1 , where E1 = <zl , .~a). The group C has three classes of 
elements of order 6 with the representatives cxr , czs , and czlxz , We compute 
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then that x&d is an element of order 8 and that every element of order 8 in T 
is conjugate in T to x&d. Since (~sbd)~ = zr , we see that (z,bd) is self- 
centralizing in G. Finally, C has six conjugate classes of elements of order 
4 with the representatives ,z4a((z,bd)2 = z~u), ~,a, bd, z2d, z4d, and z2z4d. 
Also, we compute that 
G(z4d = (Xl 9 za) (z,bd, g2z4d) (order 25), 
C&za) = (~1, +J <w, w9 (order 24), 
C&d) = h> x 04 (order 23), 
G(+d) = (21, ~3) <+f, a572z4) (order 24)? 
Cc(@) = (~1, ~3) C& az2> (order 24), 
G(w$) = (~1, ~3) Ow,d, az4> (order 24), 
and (z~u)~ = x1 , (z2u)” = ~rz~ , (bd)2 = a, (.z2d)2 = z1 , (.z4d)2 = z3 , 
(z2x4d)2 = qx3 . Hence G has two conjugate classes of elements of order 4 
with the representatives z,u and z,d. The centralizers of .z2u, z2d, z4d, and 
z2z4d in C are Abelian groups of type (4,4) with the characteristic subgroup 
(zr , z3). Also, we have C,((z, , .z3)) = EF and N,((.z, , x3)) = T. The 
centralizer C,(bd) is an Abelian group of type (4,2). Suppose that bd - z,d 
(bd is conjugate in G to ,z2d). Then C(bd) is Abelian of order 16 and so 
C(bd) g C. But C(bd) centralizes x1 , which is a contradiction. Hence we have 
bd - z4u. 
We see that N(E) has two conjugate classes of elements of order 2 with the 
representatives zr , a; two conjugate classes of elements of order 3 with the 
representatives c, c,; one class of elements of order 6 with the representative 
cz,; two classes of elements of order 5 with the representatives CL, p2; one 
class of elements of order 8 with the representative z,bd, and three conjugate 
classes of elements of order 4 with the representatives bd, ~,a, z,d. 
Because (z,d) n E # 1, (z4d) n E # 1, (z,z,d) n E # 1, and 
(bd) n E = 1, it follows that no one of the elements z,d, z4d, and z2z4d 
can be fused in N(E) to bd. The coset Ed contains four involutions and twelve 
elements of order 4. By the structure of N(E)/E, we see that N(E(d)) (C N(E)) 
is an S,-subgroup of G. Since 1 C(z,d) n N(E) 1 = 16, it follows that Ed 
contains eight conjugates of z,d in N(E(d)). The remaining four elements 
of order 4 in Ed form one conjugate class of elements in N(E(d)) and so are 
conjugate to z4u. Hence one of z4d, x,z,d is fused with z,d and the other one 
w-ith z4a. 
It remains to be shown that z2u is not conjugate in G to z4u and so z2u N z,d. 
Since (xsu) n E f 1, it follows that z2u is not conjugate in N(E) to bd. By 
the structure of N(E)/E we see that N(E(u)) (C N(E)) is an S,-subgroup of 
G. Since C(a) n N(E) = C(u) n N(E(u)) has order 25, it follows that Eu 
contains four involutions conjugate in N(E(u)) to a. But a computation shows 
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that the other twelve elements in the coset Ea are elements of order 4. Since 
C(x,a) n I = C(x,a) n N(E<a)) h as order P, we see that Ea contains 
precisely four conjugates of z,a in N@(a)). In fact, E<a> <3 2’ and so all 
four conjugates are obtained by conjugating xqu by elements of T. Hence xaa 
is not among these four conjugates. This shows that zqa is not conjugate to 
zaa in N(E(a)). Suppose, finally, that xqu is conjugate in N(E) to zaa. Then 
there exists an element x E N(E) such that (+a)” = zau. Hence ‘2: normalizes 
&‘<a), which is a contradiction. Since zsn is conjugate in N(E) to neither bd 
nor .~a, it follows that xsa must be fused in N(E) to x,d. We have proved the 
following result: 
LEMMA 10. The gro2cp G has precisely two co+gate classes of elelplents of 
order 4 with the re~~esent~t~ves +a and .zzd. The ~~g~o~p C possesses 5 I ~~~~~~- 
tions, 48 elements of order 8 ~o~j~g~te in G to z&d, 84 e~e?~ts of order 4 
conjugate in G to z4a, 72 elements of order 4 conjugate in G to x,d, 96 elements 
of order 6 conjugate in G to czl , and 32 elements of order 3 conjugate in G to c. 
Also, we haae / C,(Z,U) 1 = 32, 1 C&r,d) / = 16, 1 C&&d) 1 = 8, and 
1 C&x,) / = 12. 
6. THE CHARACTIZR TABLE OF N(E) 
AND THE EXCEPTIONAL CHARACTER THEORY OF G 
Using the character table of A,, we obtain seven irreducible characters 
Xl = L‘(E) 7 x2 ,‘..I K? of N(E) which have E in the kernel. By o~ho~n~i~ 
relations, the remaining irreducible characters xs , ~a ,..., xrz vanish on cr , 
,u, and p2 and so 15 1 xi(l) = di , i =I 8,9 ,,.., 12. Since C:f, d? = 5400 (and 
also by a result of It6 [9] we have di 1 1 N(E)/E I), it follows that we may put 
&I) = x9(1) = 45, x&l) = 30, ~~~(1) = x&l) = 15. By a result of Brauer 
[Z], the irreducible characters xs and xs vanish on all 3-singular elements of 
N(E). Also, note that all irreducible characters of N(E) are real since all 
conjugate classes of N(E) are real. If X is a subgroup of N(E), then 
z,,,r X$(X) 5 0 (mod 1 X I). Using this fact for various subgroups X of 
N(E) (X = E, P, <q>, F, (bd, d) or <a&) (aa>) and the o~hogonali~ 
relations, we can complete the character table of N(E). In the table to follow, 
u denotes a primitive fifth root of 1. 
We freely use here the exceptional character theory of Suzuki [22], For 
the special classes of N(E) (with respect to G) we take all roots of a,; i.e. 
the conjugate classes of N(E) with the representatives al, car, z&d, xqa, z,d and 
in the case N(Q) C N(E) we also take the conjugate class with the representa- 
tive c. The module of generalized characters of N(E) (over the ring of integers) 
which vanish outside the speciaX classes of N{E) has the following basis: 

































































41 =x3 +xe -x11 
$2 =x8 - xl0 -- xl1 
$3 = Xl -t-x2 + xs - x12 
A, = x2 +x4 + x5 +x7 - Xl0 
$5 = X3 - Xs -- X7 $-X8 - Xe Y 
and in the case N(Q) C N(E) we add the generalized character 
$0 = Xl1 -t-b2 - x10. 
Using the Frobenius reciprocity law we get the following result: Let X be 
an irreducible character of G which appears with the multiplicity ct in #J: 
(the induced generalized character of G). Then 
X(z,) = 2, - 6c, + 6-3 + SC, + 3c5, 
X(%) = Cl + c3 - c4, 
X(x&q = - Cl + c, + c, , 
X(z,a) = -cl - 2c, + c, -co, 
X(,?@) = - Cl + 2c2 + c3 - c5 * 
and in case N(Q) C N(E) we also have 
X(c) = Cl + c, - c* + 4c,. 
Note that (@, $j”> = (J,!J~ , Jlj) and ($2, lo) = (&, x1). These facts give 
some information about qli: and will be used repeatedly. Also, we have 
z@((r’) = 0 if u’ is not conjugate in G to any element of the special classes of 
N(E) and /J?(U) = &( u 1 u is an element of the special classes of N(E). We ) ‘f 
shall now prove the following result: 
Proof. It is enough to give a proof of this result for $$ and #$. Suppose at 
first that $J,* = aiA, + 20i,A, , where cq = & 1 and A, are nonprincipal 
distinct irreducibIe characters of G. Then, since $&I) = ~~(~~~ = 0 
we obtain, by the Suzuki order formula f12] corresponding to #,“, that 
where g z ! G j , and so g/f214 * 32) * 0 = - 5, which is a co~tradi~ion. 
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Hence every irreducible character of G appears in @ with the multiplicity 
0 or f 1. Suppose now that 4,” = bIBI + 2/3,B, , where fii = f 1 and Bi 
are distinct nonprincipal irreducible characters of G. Since (q!$, $f) = 0, 
it follows that B, , B, appear in $F with multiplicity 0. Suppose that 
I@ = &B2 - P,B, + TY, where 7 = f 1 and Y is an irreducible nonprin- 
cipal character of G distinct from B, and B, . Then the Suzuki order formula 
corresponding to #z together with #t(l) = #f(l) = #,“(z,) = 0, @(ai) = 32 
gives g = - 25 * 33 . /?,&(I), which . IS a contradiction because an S,-sub- 
group of G has order 9. Hence we must have J,!J$ = /$B, + QY, + rlzY,, 
where qi = f 1 and Yr , Y, , B, , B, are distinct nonprincipal irreducible 
characters of G. Suppose that B, appears with zero multiplicity in @. Then 
we may put ~~===lG+&B1-~lYi+&Z, where 5=&l and Zis a 
new nonprincipal irreducible character of G. If B, appears with nonzero 
multiplicity in I@, then we get #$ = - &B, + &B, + vlY, - [Z - qzYz. 
But then we have a contradiction using the values for (+f, +T), i > 1. 
It follows that B, appears with zero multiplicity in 4: and then 
B,(x,) = 16& . Then the Suzuki order formula corresponding to #z gives 
g = 24 * 3 . 52 * B,(l), which is a contradiction because B,(l) 3 0 
(mod 16). It follows that we must have I@ = 1 + P2B2 -&B, + rlIYI. 
Also, (@, @) = (@, $,*) = - 1 shows that we must have 
#,* = - f12B2 + &BI = **a which gives B,(z,) = 4/3i , B,(x,) = 14p2 and 
Yr(ai) = 5~ . The Suzuki order formulas corresponding to 4,” and @, 
together with #c(l) = $:(l) = 0, g ive, finally, a contradiction. The lemma is 
proved. 
LEMMA 12. We have the following decompositions: 
#,* = %X1 + ‘24 + E3X3, 
*,* = 41 + rl1y,+ 7k?y, , 
case (1) @ = 1G + ‘2% + iJ, + 524 , 
case (2) 
where ci , Q , & are equal f 1 and Xi , Yi , Zi are distinct nonprincipal irre- 
ducible characters of G. 
Proof. It is enough to show that the case #,* = lG + c2X2 + QY, - 72Y2 
cannot occur. Suppose that this case for the decomposition of z+@ occurs. 
Then the relations I/J:(~) = #.$(I) = @(I) = 0, $,“(.a,) = 16, &(x1) = 0, 
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@(x1) = 16, together with the Suzuki order formulas corresponding to #f, 
4,” and #,*, produce, after elimination, the following relation: 
8(3/l - w = 215 . 32 . Yl(l + 2YJ, 
where g = ( G ( , y1 = TRY, and yI = QY~(z~). 
Suppose that (@, Yr) = - rlI . Then we have 
*,* = - rllY1 + 41 + 7I2y2 + '2X2 + .-*, 
which contradicts (gL,*, #) = 0. Suppose that <#$, YI) = rll . Then 
4,” = QY, - e2X2 + 72Y2 - elXI + 0.. , which again contradicts 
(@, #,*} = 0. Hence we must have (@, YI) = 0. Suppose that 
<$cY Yl> = - 71. Then we obtain z,!Q = - ‘IlYl + 42 - rlzy, + **- 
(using (@, @) =- 1), which contradicts (@, I+$) = 1. Hence we have either 
<*Z, Yl> = 0 or (#Z, Yl> = Q and so YI(xI) = - 5~ or YI(aI) = 3~ . 
Summing up YI on the elementary Abelian group E, we see that y1 is odd in 
any case. We have 
[ 
g 
2’YIU + 2Y,) I 
(y1 - j$)2 = 2s * 32, 
where [g/27y,(I + 2y,)] is an odd integer because xa = l sXs(l) = 1 + 2y, , 
yr j g, xs / g, (xs , yI) = I, and y1 , xs are odd integers. 
Suppose at first that yI = - 5. Then we have the following possibilities: 
yr + 5 = 16, - 16, 48, - 48. This gives a contradiction because in any of 
these cases we have either 5 7 g or 9 f g. 
Suppose now that yI = 3. Then we have the following possibilities: 
yr - 3 = 16, - 16, 48, - 48. This also is a contradiction because in all 
these cases 7 {g. The lemma is proved. 
7. THE ORDER OF G 
An easy consequence of the results of Section 5 is the following lemma: 
LEMMA 13. The Syloeu 2-subgroup T of G consists of one unit element, 
35 involutions, 16 elements of order 8, 36 elements of order 4 conjugate in G to 
z,a, and 40 elements of order 4 conjugate in G to z,d. 
We now examine the possibilities (1) and (2) of Lemma 12. Suppose we 
consider case (1) of that lemma. Then we have the Suzuki order formula 
corresponding to 4,” : 
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where g = 1 G 1 . From $$(I) = 0 we conclude that at least two terms in the 
expression 
s = 1 + (X2(%N2 + G(~*N” + (z2(a2 
EzX2U) M-l(l) 52Z2,(1) 
are positive and so, if 
(x2w)2 < _L 
X2(1) 4 ’ 
(Z&iN2 < _1_ 
-G(l) 4 ’ 
(Z2hN2 < _1_ 
Z2(1) 4 ’ 
(*) 
then s > $ and g < 213 * 3 * 7 * 13. On the other hand, we know that 
g = 2? - 32 . 5 .7h, 
where h is prime to 2 and 3. Thus we have h < 55. After examining various 
possibilities for h (by using the subgroup structure of G, the theorems of 
Sylow, and in the case h = 1, the possibilities for degrees of the characters 
Xi, Z,), the only remaining possibility is h = 11 and sog = 2’ * 32 * 5 * 7 * 11. 
It remains to analyse the possibility that at least one of the relations (*) 
is not satisfied. As an example, suppose that 
This gives the sharp upper bound Z,(l) < 4(Z,(2,))2. As a further example, 
suppose that (Z, , 4,“) = 0 and (Z, , I,@) = &. Then, using Lemma 13, 
we obtain Z,(l) = - 445, + 12% for some integer k. We have 
- 445, + 12% < 64 and so k = 0, [i = - 1, and Z,(l) = 44. Then, 
considering various possibilities for the multiplicities of Z, in 4: and I/,*, 
we obtain (in the usual way from the Suzuki order formula corresponding 
to I@) various possibilities for g, which all lead to contradictions. 
Treating case (2) of Lemma 12 in the same way, again the only possibility 
is g = 2’ * 32 * 5 * 7 . 11. Hence we have proved the following result: 
LEMMA 14. TheorderofGis27*32*5*7*11. 
Suppose now that N(Q) $ N(E). Then, by Lemma 8, an S,-subgroup of 
N(Q) is normalized by a four-group, which gives that the normalizer of an 
S,-subgroup in G is of order 9.16. This contradicts the theorem of Sylow. 
In particular, we see that a Sylow 3-normalizer in G is of order 9 * 8. 
Hence N(Q) C N(E) and so our exceptional character theory becomes even 
stronger. It is now a routine to find the degrees of characters by using 
Lemma 10 and also to complete the character table of G, which turns out to 
be identical to that of M,, . In particular, G possesses an irreducible character 
Y of degree 21 with the following values: 
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Order 
of element v 
1 
2 ! ‘: 












Also, G has no nonprincipal irreducible characters of a degree less than 21 
and V is the only irreducible character of degree 21. 
By using the Sylow theorems we obtain: 
LEMMA 15. A Sylow 5-normalizer in G is a Frobenius group of order 20 
and a Sylow 11 -normalizer in G is a Frobenius group qf order 55. 
We next prove the following result: 
LEMMA 16. The Mathieu group n/r,, is not a subgroup of our group G. 
Proof. A Sylow 3-normalizer in MI, is of order 9 * 16 and so the lemma 
is proved. 
8. A SUBGROUP OF INDEX 22 
LEMMA 17. The group G has a subgroup M of index 22. 
Proqf. We start with the subgroup X = (N(F))’ = FA, where A N A, 
and F n A = 1. Since N(F) n N(E) contains an element o of order 3, which 
acts fixed-point-free on E, it follows that E C X. But (T also acts fixed-point- 
free on F and so F C X. Clearly, EF is an S,-subgroup of X. Put Q* = <o) 
and consider N(Q*E). Since E 4 Q*E, it follows that N(Q*E) C N(E) and 
N(Q*E)/E is a Frobenius group of order 32 * 2. Also, we have 
N(Q*E) = EW(Q*) n N(E)) and En N(Q*) n N(E) =I 1. 
Thus N(Q*) n N(E) = P*Z*, where P* is elementary of order 9, 1 Z* 1 = 2, 
P* Q P*Z*, and P*Z* is a Frobenius group of order 18. Since 
N(Q*E) n N(F) = EQ*L, 
where 1 L ) = 2, we may assume that Z* = (z*) does not lie in N(F). 
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We shall show that Q*E = X n X2*. Suppose that Y is a subgroup of X 
containing EQ*. If Y n F 3 (zl , zs), then Y 1 F and so either Y = Q*EF 
or Y = X. Note that (zi , xa) = Z(EF) and so (zl , xs) is Q*-admissible. 
We assume now that Y n F = (x1 , xa). In this case we have either Y = Q*E 
or Y/(zi , za) E A, . Now, z* cannot normalize Q*EF, otherwise z* would 
normalize EF and so z* E N(F), which is a contradiction. Also, z* E N(X) 
implies z* E N(O,(X)) = N(F), w ic is a contradiction. It remains to con- h h . 
sider the case where z* normalizes Y and Y/(x1 , zs) N A, . But there is 
no such subgroup Y; otherwise an element of order 5 in Y would centralize 
(21 9 3). 
We have shown that X n X2* = Q*E and so the complex M = XZ*X 
contains precisely 26 * 32 * 5 . 7 elements. 
We shall show that the complex M is a subgroup of G. Since EQ* is a 
Frobenius group of order 48, we can compute that 
<VT l&Q* = 4 7 
where V is the irreducible character of G of degree 21. The subgroup EQ*Z* 
consists of one unit element, 27 involutions, 32 elements of order 3, and 36 
elements of order 4. Hence we can compute that 
Finally, we see that X(N(F))’ consists of one unit element, 75 involutions, 
180 elements of order 4, 320 elements of order 3, and 384 elements of order 5. 
Thus we can also compute that 
The above relations show that (X, z*) is a proper subgroup of G because 
2 + 3 > 4. On the other hand, (X, z*) contains the complex M and so the 
order of (X, a*) is at least 26 * 32 * 5 * 7. By the Sylow theorems we see that 
the order of (X, z*) must be precisely 26 . 32 * 5 * 7 and so M = (X, z*) 
is a subgroup of G of index 22. The lemma is proved. 
9. COMPLETION OF THE PROOF 
We represent the group G on the 22 cosets of G modulo as a subgroup M 
of index 22. The character x of this permutation representation must be 
equal to 1 + V, where V is the irreducible character of G of degree 21. Hence 
we may assume that G is a subgroup of the alternating group A,, acting on 
the letters 1, 2, 3 ,..., 22. 
The group G possesses elements 8, m, n of orders 11, 5, and 4 respectively, 
so that 
p = /4 and mfi = m2, 
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Since x(G) = 0, x(m) = 2, and an &,-subgroup of the normalizer of <&> 
in A,, has order 5, it follows that we may assume that 
d'= (I, 2,3,4,5,6,7,&g, 10, 11) (12, 13, 14, 15, 16, 17, 18, 19,20,21,22), 
m = (1,4, 5,9, 3) (2, 8, 10,7,6) (12, 15, 16,20, 14) (13, 19,21, 18, 17). 
Since x(n) = 2 and ~(a”) = 6, it follows that the permutation representing n 
must be of the form 
n = txl Y ‘“2 I x3 I x.$) (x, , %3 , x7 8 xS) (+%i , xl,, , % , xl2) 
By replacing 8 with .@ ’ if necessary, we may assume that , 
n2 = (1)(3,4)(5,9) (11)(22) ***. 
Now, using the relation m n = m2 and the fact that we know all possible orders 
and traces for the elements If’in, we see that we have only the following four 
possibilities lzi for n: 
la, = (11, 22) (1, 12) (10, 7, 2,6) (21, 18, 13, 17) (4, 16, 3, 20) (5, 14,9, 15), 
n, = (11, 22) (8, 14) (4, 5, 3, 9) (13, 18, 17, 19) (2, 16, 10, 15) (7,20,6, 12), 
n3 = (11,22)(7, 18) (4, 5, 3,9) (15, 16, 14,20) (2,21,8, 17) (10, 19,6, 13), 
n, = (11, 22) [l, 21) (2, 10, 8,s) (12, 14, 16,20)(4, 17, 3, 13) (5, 19,9, 18). 
We see that Pn, and G%, have order 3 and so, by a result of Coxeter and 
Moser [4J, (L, m, n> N <t, m, n,) II Ml, . This is a contradiction because, 
by Lemma 16, the Mathieu group MI, is not a subgroup of G. 
Take the following permutation Q: in the symmetric group Ss,: 
a! = (11,22)(1,14,9, 16,4,12,13,20,5, 15)(2,17,7,21,8, 13,6,18,10, 19). 
Then we see that &‘a = z@, ma = pit, and n*ff = n2. Hence the subgroups 
(J, m, %ntt) and (4, m, r+) are conjugate in S,, . On the other hand, &a has 
order 7 and &z2 has order 6 and so the order of (g, m, 11~) is divisible by 
2s ’ 3 * 5 * 7 * 11. Using the Sylow theorems (since (gF m, n,} must contain a 
Sylow 1 I -normalizer and a Sylow 5-normalizer in G), we see that the order of 
<J’, m, ne} must be equal to / G \ and so G N (8, m, na}. The theorem is 
proved. 
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